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Physical Motivation

The Sachdev—Ye-Kitaev (SYK) model is a solvable large-N theory of strongly
interacting fermions with random all-to-all quartic interactions. In the infrared
it realizes a non-Fermi-liquid regime capturing key features associated with
strange-metal behavior:

1. Absence of quasiparticles due to strong many-body scattering.
2. Conserved U(1) charge density O, tunable by a chemical potential p.
3. Residual entropy S(7'—0) in the N — oo limit.

These properties make SYK a usetul framework for exploring strange-metal physics
and its connection to near-horizon AdSs dynamics.

SYK model [Complex fermion generalization]

Hamiltonian with random Gaussian couplings:
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with
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U(1) conserved charge density:

Path integral formalism

e Hubbard—Stratonovich Trans- formation: To obtain an exact solution we
introduce the auxiliary fields:

Quy(7,7) = Qua(7',7), Pulr,7) =P} (7', 7). (4)

Then, we obtain a quadratic action in the fermionic fields:
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e Saddle-Point Equations: In the large-/V limit:
Pou(r,7) = (c(M)ep()), Qa7 7) = J*|Pu(r, )| (6)

For replica-diagonal solutions (since we do not expect spin glass solutions):
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In the low-energy scaling limit w,T" < J, the ww,, term is irrelevant. Defining the shifted

self-energy Y(iw,) = L(iw,) — p, the Dyson equations become:
/dTQ G(Tl, 7'2)2(7’2, 7'3) — —5(7'1 — 7'3),
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2(7'1, 7'2) — —JQ[G(Tl, TQ)]QG(TQ, 7'1).
These are invariant under:

r= (o),

eiven that the green function and the self-energy change as
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This corresponds to emergent C'F'T} symmetry (reparametrization f) and U(1) gauge sym-

metry (local phase g).

Low-energy Green’s Function

Using the conformal map 7 = tan(7T'o)/(7T"):
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SYK Entropy at 7' — 0

Large-frequency expansion:
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In terms of the spectral density p,:
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At low T', p, 1s particle-hole symmetric, hence
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Einstein—Maxwell Charged—AdS Geometry 1

Einstein—-Maxwell action (With cosmological constant):

did-+ 1 R?
G — 2_11{2 dd+2$ \/7 ( ( R_|2_ ) gF F/WF'LLV>
Solution: , :
r R
ds’ = — dt* + d7*) A ’
h 5 R2( f(r)dt® + dx ) P2 f(r)
where

= —8:G(0") - 0,G(8").

(14)

(15)

(16)

Finstein-Maxwell theory
+ cosmological constant
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Gauge field: A = (£/()dt
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Known ‘“‘equation of state’
determines £ as a function of O

“Equation of state’ relating &
and @ depends upon the geometry
of spacetime far from the AdSs

. ; r ;
( Microscopic zero temperature ) Black hole thermodynamics

entropy density S obeys (classical general relativity) yields
?_S — 91 E afsBH = 27&€

Einstein—-Maxwell Charged—AdS Geometry 11

Black hole thermodynamic variables:
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Near-horizon geometry at 7' — 0 : AdSy X RY

At T — 0, the near-horizon coordinate ( is given by

. (@2(d _ 1)) e % 2
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Near-horizon AdS; x R? geometry:
—dt? + d(? 2(d—1)/(d + 1))/ R
G R Vd(d+1)
Near-horizon entropy:
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AdSy/CFTj correspondence

We can show that & = Egp: The near-horizon geometry of the extremal Einstein—
Maxwell RN-AdS black hole (AdS,) and the low-energy limit of the complex-

fermion SYK model (CFT,) yield the same thermodynamic relation:
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