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Introduction

1. What happened?

• Hawking (1974) [1]:

Quantum fields + Black holes Geometry =

B. H. Thermodynamics

T =
κ

2π
, S =

A

4
. (1)

• The static observer has no access to the full

geometry.

Figure 1: L. Ryder, 2009.
3 / 23



• Unruh Effect (1973-76)
[2, 3, 4, 5, 6]:

The vacuum state of a quantum field theory

on Minkowski spacetime looks like a thermal

equilibrium state for a uniformly accelerated

observer with acceleration a.

T =
a

2π
(2)

• The accelerated observer has no access to the

full geometry. Figure 2: G. Valdivia-Mera, IJMP-D.
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• Umezawa and Takahashi (1975) [7, 8, 9, 10]:

Introduce the TFD state ⇒ Temperature dependent “vacuum state” ⇒ Fictitious system.

⟨0(β)|F |0(β)⟩ = Z−1(β)
∑
n

e−βEn ⟨n|F |n⟩ , |0(β)⟩ = Z−1/2(β)
∑
n

e−βEn/2 |n, ñ⟩ . (3)

Statistical average of an observable = expectation value
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• Israel (1976) [11]: Thermofield
dynamics of quantum fields in the
presence of Black Holes:

• |0(β)⟩: Vacuum state of ϕ on the
extended geometry is a thermal
equilibrium state for the static
observer.

• Fictitious system: Defined on the
time-reversed copy of the original
spacetime in the extended
geometry.

Figure 3: G. Valdivia-Mera, IJMP-D.
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Causal horizons:

• The observers do not see the whole picture; they are constrained to regions of
spacetime ⇒ Particle modes are restricted due to the presence of horizons.

• Thermodynamic description of the systems due to quantum effects.

• Laflamme (1988) [12]:

Using the Euclidean path integral approach ⇒ Systematically derive the TFD state.
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2. Our tools

2.1 Euclidean Path Integral for the scalar field Φ
defined on the manifold M

P(A) =

∫
DΦ Π(A) e−SE [Φ]. (4)

Requirement A: The existence of a surface S that
divides M into two parts M±: Π(A) = {0, 1}:

P(A) = Ψ+(A)Ψ−(A). (5)
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2.2 The manifold M is a cylinder

ds2E = dτ2 + dx2 , τ ∼ τ + β (6)

Figure 5: Boundary conditions:
Φ̃ = {Φ1,Φ2} on S = {S1,S2}.

Transition Amplitude

Ψ+[Φ1,Φ2] =

∫ Φ2

Φ1
C+

DΦ e−SE [Φ] = ⟨Φ2| e−
β
2
H |Φ1⟩ , (7)

Ψ−[Φ1,Φ2] =

∫ Φ1

Φ2
C−

DΦ e−SE [Φ] = ⟨Φ1| e−
β
2
H |Φ2⟩ . (8)

PS [Φ̃] = Ψ+[Φ1,Φ2]Ψ−[Φ1,Φ2]. (9)
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Strategy

Under certain transformations: S [ϕ, gµν ] ⇒ S [ϕ]SHO.

The path integral can be computed exactly!

Ψ±[Φ1,Φ2] =
1√
Z(β)

∞∑
n=0

e−
β
2
Enφn[Φ1]φn[Φ2]. (10)

Density matrix of the physical system

ρ(Φ1,Φ
′
1) =

∫
dΦ2 Ψ+[Φ1,Φ2] Ψ−[Φ′

1,Φ2]

=
1

Z(β)

∑
n

e−βEnφn[Φ1]φn
[
Φ′

1

]
. (11)
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Thermofield Double State in causal diamonds

Causal diamond geometry

• Birth event ∩ Death event of an observer at x = 0.

• α: Lifetime parameter.

• Causal diamond boundary = Causal Horizons:

Thermodynamics?

From [13]:

(td , xd ) = T (−α) ◦ K

(
1

2α

)
(tr , xr ) . (12)
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Lorentzian signature

tr = ξ sinh
( η
α

)
,

xr = ξ cosh
( η
α

)
. (13)

⇓

td =
4α2ξ sinh

( η
α

)
4α2 + 4αξ cosh

( η
α

)
+ ξ2

,

xd =
αξ2 − 4α3

4α2 + 4αξ cosh
( η
α

)
+ ξ2

.(14)

⇓

ds2 = Ω2(η, ξ)

[
−
ξ2

α2
dη2 + dξ2

]
. (15)

Euclidean signature (η = −iτ)

ds2E = Ω2
E (τ, ξ)

[
ξ2

α2
dτ2 + dξ2

]
. (16)

Conformal factor

Ω2
E (τ, ξ) = Ω2(−iτ, ξ)

=
16α4(

4αξ cos
(
τ
α

)
+ ξ2 + 4α2

)2 .(17)
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Exact solution of the Euclidean path integral

Euclidean action

CFT : SE [ϕ] =
1

2

∫ √
gd2xgµν∂µϕ∂νϕ. (18)

Using gµν of Eq. (16) with ξ = αeρ/α, such that −∞ < ρ <∞, we obtain:

Looks like the one in the Euclidean plane

SE [ϕ] = −1

2

∫
dρdτϕ

[
∂2τ + ∂2ρ

]
ϕ. (19)

Conformal to the Euclidean plane:

ds2E = Ω′2
E (τ, ρ)(dτ2 + dρ2), (20)

Ω′2
E (τ, ρ) =

16e
2ρ
α(

4eρ/α cos
(
τ
α

)
+ e

2ρ
α + 4

)2
. (21)
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Important:

• The background geometry in the action (19) is conformal to the Euclidean plane with
coordinates {τ, ρ}.

• Introducing the periodicity of β in τ , (τ ∼ τ + β), we obtain the cylindrical manifold M.

• We can divide the action (19) over the submanifolds M±:

{S1 = τ1, S2 = τ2} , τ2 = τ1 + β/2. (22)

0 < τM+ < β/2 , β/2 < τM− < β. (23)
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Finding the SHO

• Fourier transform ϕ: ρ→ λ.

• Discretize the path integral for each mode λα.

• Build a real field ψλα .

Euclidean action for a single mode λ:

SE [ψλ] = −1

2

∫
C±

dτψλ(τ)
[
∂2τ − λ2

]
ψλ(τ). (24)

Euclidean path integral for a single mode λ:

Ψ±[ψ1, ψ2] =

∫
C±

Dψλ e−SE [ψλ], (25)

{ψ1, ψ2} are the boundary configurations of the field ψλ on {S1 = τ1,S2 = τ2}.
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Exact solution for the action (24):

Ψ+[ψ1, ψ2] =

 λ

2π sinh
(

λβ
2

)
1/2

exp

−λ
2

(
ψ2
1 + ψ2

2

)
coth

(
λβ

2

)
−

2ψ1ψ2

sinh
(

λβ
2

)
. (26)

⇓

Wave functional form of the TFD state |0(β)⟩:

Ψ+[ψ1, ψ2] =
1√
Z (β)

∞∑
n=0

e−
β
2 Enφn[ψ1]φn[ψ2], (27)

where φn[ψ1,2] is the n-excited state of the harmonic oscillator applied to the boundary

values of the field: φn[ψ1,2] = ⟨ψ1,2|n⟩ =
(√

λ
π

1
2nn!

)1/2

Hn(
√
λψ1,2)e

−λ
2
ψ2
1,2 .
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What is ψ1,2 in the context of the causal diamond?

ψ2 = ψin , ψ1 = ψ̃in = ΘDψextΘ
−1
D (28)

ΘD : Hext → Hin , ψ̃in = ΘDψextΘ
−1
D , |ψ̃in⟩ = ΘD |ψext⟩ (29)

Ψ+[ψext , ψin] = ⟨ψin| e−
β
2
HΘD |ψext⟩ ∝ ⟨ψext , ψin|0(β)⟩ . (30)

TFD state for the Causal Diamond

|0(β)⟩ = 1√
Z (β)

∞∑
n=0

e−
β
2 En |nin⟩ ⊗Θ−1

D |nin⟩ . (31)

The observer constrained to the causal diamond, which is causally disconnected from the rest of
spacetime, perceives the vacuum state as a thermal bath at temperature β−1.
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Diamond temperature for static observer

• {S1,S2} ⊃ Birth and death event.

• {τ = ±β/2} ⇐⇒ {tE = ±α}.

τ = α tan−1

(
4α2tE

4α2(x
d
+ α)− 2α[(x

d
+ α)2 + t2E ]

)
.

(32)

• For a static observer at x = 0:

τ(tE = −α, x = 0) = −πα/2,
τ(tE = α, x = 0) = πα/2. (33)

Geometry - Thermodynamics - Lifetime

β = T−1 = πα . (34)
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The density matrix of the physical system

Density matrix for the pure state given by the TFD state (31):

ρ = |0(β)⟩ ⟨0(β)| . (35)

Density matrix for the physical system ψin:

ρin = Trext ρ =
∑
m

⟨m̃ext | ρ |m̃ext⟩ =
1

Z (β)

∑
n

e−βEn |nin⟩ ⟨nin| (36)

Density matrix of the physical system

(Canonical Emsemble)

ρin =
e−βH

Z (β)
. (37)
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Conclusions

• The “vacuum state” perceived by the observer confined to the interior region of the
causal diamond is expressed through the density matrix ρin, which describes a mixed
ensemble in thermal equilibrium with a heat bath at a temperature given by
β−1 = 1/πα.

• Finally, since ρin describes a mixed ensemble, the TFD state is an entangled state of
the Hamiltonian eigenbasis {|nin⟩ , |ñext⟩ = Θ−1

D |nin⟩}.
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