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Introduction

1. What happened?

e Hawking (1974) [1]:

Quantum fields + Black holes Geometry =

B. H. Thermodynamics
(1)

® The static observer has no access to the full

geometry.

dxii X

| W
T

Light cones and light rays obeying (7.126) - a black hole.

Figure 1: L. Ryder, 2009.
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¢ Unruh Effect (1973-76)
[2, 3, 4,5, 6]

The vacuum state of a quantum field theory
on Minkowski spacetime looks like a thermal
equilibrium state for a uniformly accelerated

observer with acceleration a.

T== (2)

® The accelerated observer has no access to the

full geometry.

Figure 2: G. Valdivia-Mera, [JMP-D.
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¢ Umezawa and Takahashi (1975) [7, 8, 9, 10]:

Introduce the TFD state = Temperature dependent “vacuum state” =- Fictitious system.
(B Fl0(8)) = Z7(B)D_e PE(n|Fln) , [0(B)) =Z 2(B)> e PE/2|n, 7). (3)

Statistical average of an observable = expectation value
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e Israel (1976) [11]: Thermofield
dynamics of quantum fields in the
presence of Black Holes:

® |0(53)): Vacuum state of ¢ on the
extended geometry is a thermal
equilibrium state for the static
observer.

® Fictitious system: Defined on the
time-reversed copy of the original
spacetime in the extended
geometry.
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Figure 3: G. Valdivia-Mera, [JMP-D.
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Causal horizons:

® The observers do not see the whole picture; they are constrained to regions of
spacetime = Particle modes are restricted due to the presence of horizons.

® Thermodynamic description of the systems due to quantum effects.

¢ Laflamme (1988) [12]:

Using the Euclidean path integral approach = Systematically derive the TFD state.
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2. Our tools

2.1 Euclidean Path Integral for the scalar field ®
defined on the manifold M

P(A) :/ch M(A) e~ %el®l, (4)

Requirement A: The existence of a surface . that
divides M into two parts My: M(A) = {0,1}:

P(A) = V., (A)V_(A). (5)
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2.2 The manifold M is a cylinder

ds2 =dr’+dx> , 7~7+8 (6)

Transition Amplitude
T2

L)
M, "’+[¢17¢2]:/» Db e=SEl®] = (0, e~ 3H [0y), (7)
€5 !
M n e &y a
m \u,[¢1,¢2]:ﬁ)2 Do e~ %€l = (@1 e 2H [0;) . (8)
€
M_
’ P[] = W1, do]W_[d1, bo]. ©)

Figure 5: Boundary conditions:
b = {¢1,¢2} on y = {fyly‘%}
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Strategy
Under certain transformations: S[¢, g..] = S[¢]sHo.

The path integral can be computed exactly!

1

VZ(B)

Vi[dg, do] =

Density matrix of the physical system

p(b1,0]) = / s W [by, by] U_ [, &)

- % > e Eron[@rlen[®f] -

= B
D e 2Frpn[01]in[2].
n=0

(11)

(10)
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Thermofield Double State in causal diamonds

Causal diamond geometry

® Birth event N Death event of an observer at x = 0.

® «: Lifetime parameter.

® Causal diamond boundary = Causal Horizons:
Thermodynamics?

From [13]:

oo = o K(%) (t,x) -

(12)
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Lorentzian signature

tr

&sinh <
& cosh (
4

Q=3

):

). @)

5% 2=

QI3

4a”¢sinh (1)

L 4a? + 4ag cosh (L) 4 €2’
_ a§2 — 4083
T a2 + 4ag cosh (1) + €2 (14)
U
52
& = @2(1,6) |- a0 + 2] 19)

Euclidean signature (n = —ir)

dsZ = (T,g){ dr +d£]. (16)
Conformal factor
Qp(r,6) = Q(-ir€)
_ 16a* .an

(4agcos (Z) + €2+ 4a2)
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Exact solution of the Euclidean path integral

Euclidean action

CFT: Sg[¢] = % / VEd*xg" 8,00, . (18)

Using gy of Eq. (16) with £ = aef/® such that —oo < p < oo, we obtain:

Conformal to the Euclidean plane:
Looks like the one in the Euclidean plane

dsz QE(r, p)(d7? + dp?), (20)

1 2
Sel¢] = —2/deT¢[83 +07]¢.  (19) Q2(, p) < 16e = — )2A (21)
4eP/ e cos (i) +ea +4
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Important:

® The background geometry in the action (19) is conformal to the Euclidean plane with
coordinates {7, p}.

¢ Introducing the periodicity of 8 in 7, (T ~ 7+ /3), we obtain the cylindrical manifold M.

® We can divide the action (19) over the submanifolds M:

{y1:7'1, y2:7-2} 5 7'2:7'14—5/2. (22)

0<7m, <B/2 , B/2<Tm_ <. (23)
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Finding the SHO

® Fourier transform ¢: p — .
® Discretize the path integral for each mode A,,.

® Build a real field ¥, .

Euclidean action for a single mode \:

Selunl = =5 [ dria(m)of - ¥uar). (29

2 Jeg,

Euclidean path integral for a single mode \:

W [, ] = / Dy e~ SelAl, (25)

C+

{t1,12} are the boundary configurations of the field ¢\ on {1 = 11,2 = 2 }.

15/23



Exact solution for the action (24):

1/2
W [, 900] = (25:(”)) exp {—;\ ((@Z}f + 43) coth (?) S 2:127’1)2) )} . (26)
7T SIn > n o

¢

Wave functional form of the TFD state |0(3)):

1

VZ(B)

where @, [1)12] is the n-excited state of the harmonic oscillator applied to the boundary

1/2 X2
values of the field: pp[th12] = (Y12|n) = (\/52"1n!> Hn(ﬁww)e—zwl,z_

Vo [ih1, 9] =

> e 2B, [nlealwal, (27)
n=0
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What is 71, in the context of the causal diamond?

Y2 =Yin U1 =Vin=OpYeOp' (28)
eD : 7'[ext — Hin 9 iin = 6)qubextef)l 9 "‘Zin) = eD ‘¢ext> (29)
U [Vext Yin] = (in| € 2HOD [text) o (et Yin|0(B)) - (30)

TFD state for the Causal Diamond

o0

|0(3) ) @ Op" [nin) - (31)

n=0

The observer constrained to the causal diamond, which is causally disconnected from the rest of
spacetime, perceives the vacuum state as a thermal bath at temperature 571,
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Diamond temperature for static observer

o {V1,.%} D Birth and death event.
o {1 =1p/2} < {te = £a}. 7
M.

tan~? 4a2t5
T=q« .
40%(x, + ) — 2a[(x, + a2 + 7] ) T

.

(32)
® For a static observer at x = O: »
T(te = —a,x =0) = —7a/2, 72
7(te = a,x = 0) = /2. (33)
Geometry - Thermodynamics - Lifetime
B=Tl=ra. (34)

M,

M-
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The density matrix of the physical system

Density matrix for the pure state given by the TFD state (31):

p=10(8)) (0(B).  (35)
Density matrix for the physical system );,:

s . 1 -
pin = Trext p = Z (Mext| p [ Mext) = m Z e PFn [nin) (| (36)

m

Density matrix of the physical system

(Canonical Emsemble)
e_ﬁH

Pin = m (37)
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Conclusions

® The “vacuum state” perceived by the observer confined to the interior region of the
causal diamond is expressed through the density matrix pj,, which describes a mixed
ensemble in thermal equilibrium with a heat bath at a temperature given by
Bl =1/7a.

® Finally, since pj, describes a mixed ensemble, the TFD state is an entangled state of
the Hamiltonian eigenbasis {|nin) , |Aext) = @51 [Nin) }
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